This article presents a streamlined version of the author's original proof of the C 0 -inextendibility of the maximal analytic Schwarzschild spacetime. Firstly, we deviate from the original proof by using the result, recently established in collaboration with Galloway and Ling, that given a C 0 -extension of a globally hyperbolic spacetime, one can find a timelike geodesic that leaves this spacetime. This result much simplifies the proof of the inextendibility through the exterior region of the Schwarzschild spacetime. Secondly, we give a more flexible and shorter argument for the inextendibility through the interior region. Furthermore, we present a small new structural result for the boundary of a globally hyperbolic spacetime within a C 0 -extension which serves as a new and simpler starting point for the proof.
Introduction
This note presents a streamlined proof of the following Theorem 1.1. The maximal analytic extension (M max , g max ) of the Schwarzschild spacetime is C 0 -inextendible.
The original proof of this theorem given in [4] was divided into three steps: Firstly, one assumes that there is a C 0 -extension of the Schwarzschild spacetime (M max , g max ) and then shows that there is a (without loss of generality) future directed and future inextendible timelike curve γ in the Schwarzschild spacetime that can be extended to the future as a timelike curve in the C 0 -extension. Secondly, one
shows that the curve γ cannot lie in the exterior region of the Schwarzschild black hole and thus leave the spacetime through timelike or null infinity. Here, one uses the future one-connectedness 1 of the exterior region together with its future divergence 2 . Especially the property of future oneconnectedness is quite tedious to establish. Thirdly, one shows that the timelike curve γ can neither be ultimately contained in the interior of the Schwarzschild black hole and thus leave through the curvature singularity at r = 0. Here, one establishes that the spacelike diameter 3 of a certain spherically symmetric subset 'touching' the curvature singularity, is infinite. Covering this spherically symmetric subset by a finite number of charts in which the metric is suitably controlled, and which are obtained from the assumed C 0 -extension, one obtains the contradiction that the spacelike diameter should be finite. For the construction of the finitely many charts one in particular exploits the spherical symmetry of the Schwarzschild spacetime. The strategy of the proof given in this note deviates as follows from the original strategy: The first step is replaced by a result established in [2] , which states that given a C 0 -extension of a globally hyperbolic Lorentzian manifold (M, g) there exists a (without loss of generality) future directed and future inextendible timelike geodesic in M which has a future limit point on the boundary of M in the extension. Applying this result to the maximal analytic Schwarzschild spacetime, one again distinguishes the two cases of the timelike geodesic leaving through timelike/null infinity or through the curvature singularity at r = 0. The first case is now easily ruled out using the completeness of geodesics approaching timelike or null infinity -without the need of establishing the future oneconnectedness of the exterior. For the second case we present a new, local version of the obstruction to C 0 -extensions through r = 0, which does not rely on the infinitude of the spacelike diameter of the global spherically symmetric set constructed in [4] (which has to be covered by multiple charts), but transfers the idea locally to a single chart. This new argument is more flexible and can be more easily adapted to other situations; this part of the argument does not rely on spherical symmetry. We should also point out that the proof overall still requires the future one-connectedness of the interior. For the sake of brevity this note is not self-contained. We will often refer the reader to definitions and results from [4] . We begin by presenting a small new structural result for C 0 -extensions which is convenient to have at one's disposal.
A structural result for C 0 -extensions
This section establishes an easy yet fundamental result on the structure of C 0 -extensions. We implicitly assume that all manifolds are connected. We then recall from Section 2.3 of [4] that a C 0 -extension of a smooth Lorentzian manifold (M, g) consists of a Lorentzian manifold (M ,g) of the same dimension as M ,g ∈ C 0 , together with an isometric embedding ι : M →M , such that ι(M ) is a proper subset of M . If no such C 0 -extension exists, we say that (M, g) is C 0 -inextendible. Finally, we recall that it is convenient for our purposes to define a timelike curve to be a piecewise smooth curve such that, where defined, the tangent vector is everywhere timelike and at the points of discontinuity, the left and right sided tangent vectors are timelike and lie in the same connectedness component of the timelike cone. We recall from Proposition 2.6 of [4] that, with this definition of timelike curve, the timelike future and past of a point in a time-oriented Lorentzian manifold remains open even for merely continuous metrics.
In the following we define the future (past) boundary of a time-oriented Lorentzian manifold with respect to a C 0 -extension (see also Definition 2.1 in [1] ).
Definition 2.1. Let (M, g) be a time-oriented Lorentzian manifold with a continuous metric and
The future boundary of M is the set ∂ + ι(M ) consisting of all points p ∈M such that there exists a timelike curveγ :
Clearly we have
The past boundary ∂ − ι(M ) is defined analogously. Moreover, it follows from Lemma 2.17 of [4] that The right diagram shows a C 0 -extension of a globally hyperbolic Lorentzian manifold. Again, the future and past boundaries are not disjoint. Moreover, the future (past) boundary is not achronal in the extension, nor in any small neighbourhood of the future boundary point s. However, we have the following result for globally hyperbolic (M, g).
iii) There exists a Lipschitz continuous function f : (−ε 1 , ε 1 ) d → (−ε 0 , ε 0 ) with the following property:
Moreover, the set on the left hand side of (2.4), i.e. the graph of f , is achronal in
Remark 2.5. 1. Note that the achronality of the graph of f in particular entails that any past directed timelike curve starting below the graph of f remains below the graph of f (and thus iñ ϕ ι(M ) ∩Ũ ). This will be used often.
2. As shown by the proof, given a Cauchy hypersurface Σ of M it can also be arranged that we have in fact
. After a possible reparametrisation ofγ there exists a chartφ :
In particular δ > 0 can be chosen so small that − 
Together with our choice of δ this implies in particular that for any point
d the straight line connecting ( 9 10 ε 0 , x) with 0 is timelike. We now define f :
We first show that for all
Assuming the negation, there exists an
To see this we (partially) foliate the plane
by the (closed) straight lines ρ τ starting at (τ, x 0 ) with slope ( 9 10 ε 0 , −x 0 ) and ending on σ. It follows from the openness ofφ ι(M ) ∩Ũ that there is a − 9 10 ε 0 < τ < 9 10 ε 0 such that
10 ε 0 , 9 10 ε 0 ) be the infimum over all such τ with the property (2.6). We first remark that for τ ∈ (τ 0 , 9 10 ε 0 ) we have ρ τ ⊆φ ι(I + (M, Σ)) ∩Ũ . Assuming that τ 0 > − 9 10 ε 0 , there exists a point q on ρ τ0 with q / ∈φ ι(M ) ∩Ũ . This however allows us to construct a past directed timelike curve in M which is past inextendible and completely contained in I + (Σ, M ), see Figure 2 . This is a contradiction to Σ being a Cauchy hypersurface of M , and thus we obtain τ 0 = − 9 10 ε 0 . This shows that
Again, the curve σ| [0,1) corresponds to a past directed timelike curve in M which is past inextendible and completely contained in
The properties (2.3) and (2.4) are immediate. To show that the function f is continuous we use a similar construction as before: Let
. Then there exists a µ > 0 and a subsequence n k such that |f (
After possibly extracting another subsequence we assume f (
by a straight line that is timelike and past directed. Again, we call this line σ and proceed from here along the same lines as before in order to show that σ (with the past endpoint (f (x ∞ ), x ∞ ) deleted) corresponds to a past directed and past inextendible timelike curve in M which lies completely in I + (Σ, M ). This is again a contradiction. Indeed, this argument, together with the uniform bounds on the metric componentsg µν also shows that f satisfies a Lipschitz condition. 
Given now two points q, r in the graph of f with r ∈ I
we can move r down a bit in the x 0 coordinate to obtain a point which lies in
It follows that we can again find a past directed and past inextendible timelike curve in M which lies completely in I + (Σ, M ). This finishes the proof.
Remark 2.7. The proof would simplify drastically if one knew that one can find a neighbourhood of p inM that is disjoint from a Cauchy hypersurface of M . In general this is however not the case as illustrated by the point s in Figure 1 and we need to resort to the construction illustrated in Figure 2 in order to ensure that the past directed timelike curve σ remains in I + (Σ, M ) and does not intersect the Cauchy hypersurface Σ.
Auxiliary results
The following theorem was proven in [2] .
) be a globally hyperbolic Lorentzian manifold and ι : M →M a C 0 -extension.
is future inextendible in M and such that lim s→0 (ι • τ )(s) exists and is contained in ∂ι(M ).
In fact, the proof in [2] together with Proposition 2.2 gives
In particular, Theorem 3.2 improves on Theorem 3.1 by guaranteeing that the future endpoint of ι • τ is contained in the future boundary of M . 
Here, d ∈ N ≥3 , (t, r) are the standard coordinates on the first two factors of M int , m > 0 is a parameter, andγ d−1 denotes the standard round metric on S d−1 . We define a time-orientation on (M int , g int ) by
stipulating that − ∂ ∂r is future directed. For the definition of the d + 1-dimensional maximal analytic Schwarzschild spacetime (M max , g max ) we refer the reader to Section 4.1 of [4] .
We need the following facts about the Schwarzschild spacetime:
Theorem 3.3. Let τ : [−1, 0) → M max be a future directed and future inextendible timelike geodesic (not necessarily affinely parametrised) in the maximal analytic Schwarzschild spacetime. Then we either have (r • τ )(s) → 0 for s → 0 or τ is future complete.
For the proof of this theorem see for example Proposition 36 in Chapter 13 of [3] . The next two results were proven in Section 6 of [4] .
For every ε > 0 we can find 0 <r 0 < r 0 such that for any future directed timelike curve σ :
, where σ ω is the canonical projection of σ on the sphere S d−1 , we have for all −r 0 ≤ s, s < 0
Note that this lemma implies, in particular, that σ t (s) and σ ω (s) converge for s 0. We include its proof here because part of it will be referred to later on.
Proof. Let σ : (−r 0 , 0) → M int be a timelike curve, parametrised as above. We obtain for all s ∈ (−r 0 , 0)
and hence (−s)
It follows that
and
holds for all s ∈ (−r 0 , 0). Since d ≥ 3, it follows that both upper bounds are integrable on (−r 0 , 0). The lemma now follows from integration.
Proposition 3.6. The interior of the Schwarzschild spacetime (M int , g int ) is future one-connected. 4 The proof of the C 0 -inextendibility of the Schwarzschild spacetime Proof of Theorem 1.1: The proof is by contradiction, so we assume that there exists a C 0 -extension ι : M max →M of the maximal analytic Schwarzschild spacetime (M max , g max ). We recall that Lemma 2.17 of [4] implies that
Without loss of generality we assume that ii) There exists a Lipschitz continuous function f : (−ε 1 , ε 1 ) d → (−ε 0 , ε 0 ) with the following property:
Moreover, the graph of f is achronal inŨ .
We will also introduce the abbreviation R ε0,ε1 := (−ε 0 , ε 0 ) × (−ε 1 , ε 1 ) d . Let 0 < a < 1 and let < ·, · > R d+1 denote the Euclidean inner product on R d+1 and | · | R d+1 the associated norm. We introduce the following notation:
Here, C + a is the forward cone of vectors which form an angle of less than cos −1 (a) with the x 0 -axis, and C − a is the corresponding backwards cone. In Minkowski space, the forward and backward cones of timelike vectors correspond to the value a = cos(
. Since are spacelike. It is straightforward then to prove 5 the following estimates for x ∈ R ε0,ε1 :
By Theorem 3.3 the future directed timelike geodesic τ : [−1, 0) → M max is either future complete (i.e., it 'leaves through the exterior') or (r • τ )(s) → 0 holds for s → 0 (i.e., it 'leaves through the interior'). We first show that it cannot leave through the exterior.
In order to ease notation we also denoteφ • ι • τ in the following by τ . Sinceτ (s) ∈ C + 5 /8 for all s ∈ [−1, 0), we have dx 0 τ (s) > 0. It follows that we can reparametrise τ so that we can assume without loss of generality that τ : [−s 0 , 0) → R ε0,ε1 is given by τ (s) = s, τ (s) , where −s 0 ∈ (−ε 0 , 0).
Hence, we obtain |τ (s)| R d < √ 39 5 for all s ∈ [−s 0 , 0). Together with the uniform bound on the metric components i), it now follows that
Thus, τ is not future complete. We are left with the possibility that τ leaves through the interior, i.e., (r•τ )(s) → 0 holds for s → 0. In the following we will also derive a contradiction from this premiss.
We consider the curveγ : (−ε 0 , 0] →M which is given in the chartφ by (−ε 0 , 0] s → (s, 0, . . . , 0) and we set γ := ι . By the first point of Remark 2.5 these timelike curves lie completely in ι(M max ). It is easy now to conclude that γ must also leave through the interior 6 . From now on we can forget about τ -we will only work with γ now. The rest of the proof proceeds in three steps.
Step 1: We show that there exists a µ > 0 such that
Step 1.1 As in the proof of Proposition 2.2 we can without loss of generality assume that 0 < ε 1 < 
We claim that for all y − 0 < s < 0 we havẽ
The inclusion " ⊆ " follows from the first point of Remark 2.5, since if σ is a past directed timelike curve in R ε0,ε1 from (s, 0, . . . , 0) to y − , then the first point of Remark 2.5 states thatφ
6 Indeed, through the same point of the conformal boundary as given by the Penrose conformal compactification. ,Ũ is precompact inŨ , i.e., in particular its closure inM is contained inŨ . This finishes the proof of (4.5).
Moreover, it is easy to see 7 that the following holds
Together with (4.5) this now implies
For the next step we recall from [4] , Definition 2.14, that for a Lorentzian manifold (M, g) two sets A, B ⊆ M are called timelike separated by a set K ⊆ M , iff every timelike curve connecting A and B intersects K.
Step 1.2 In this step we switch back to the manifold (M int , g int ). Choose a y 
Step 1.2.1 We show that the set K timelike separates the set γ (y We claim that there exists a ∆ − ∈ (0, 1) such that In the same way we deduce that there exists a ∆ + ∈ (0, 1) such that
In the following we show that ∆ + < ∆ − .
Since (M int , g int ) is globally hyperbolic and g int is smooth (!), we have I + γ(y
Together with γ(y
Hence, we have σ(
Moreover, it is clear that σ(s 0 ) ∈ −ε<s<0 I − γ(s), M int , which concludes Step 1.2.1.
Step 1.2.2 We show that K is compact.
We claim that for any s 0 ∈ (y + 0 , 0) there exists a δ > 0 and a neighbourhood V of id ∈ SO(d) such that
This follows from 6. Lemma and 22. Lemma of Chapter 14 of [3] . Here J + γ(y + 0 ), M int denotes the causal future of γ(y + 0 ) in M int , see also Chapter 14 of [3] . 9 See 1. Corollary in Chapter 14 of [3] . holds for all s ∈ (s 0 , 0).
In order to prove this claim, we first note that since γ is timelike and g int is continuous, there exists a µ > 0 such that
, and define σ :
We compute
where || · || R d denotes the Euclidean norm on R d , and we think of γ ω as mapping into
, we can infer from (4.8) and (4.9) that there exists an η > 0 such that whenever ||λ|| 
We now fix s 0 ∈ (y + 0 , 0) and obtain δ > 0 and a neighbourhood V ⊆ SO(d) of id ∈ SO(d) as in the claim. It follows from Lemma 3.4 that there exists s 1 ∈ (s 0 , 0) (close to 0) such that
holds for all s ∈ (−ε 0 , 0). This implies
Moreover, the bound (3.5) implies that there are t 0 , t 1 ∈ R such that
11 Recall that the Schwarzschild metric
is spherically symmetric and invariant under translations in t.
It follows that
which implies that K is compact.
Step 1.3 First note that it follows from the definition of K, (4.
, M int , and thus, together with (4.6), we obtaiñ
By the choice of y − ∈ R ε0,ε1 in Step 1.1, together with (4.3), it follows that
Moreover, the continuity ofφ and ι implies
Hence, from (4.12) and (4.11), it follows that
is an open neighbourhood of K ⊆ M int .
Step 1. 4 We show that there exists a µ > 0 such that I + γ(−µ), M int is timelike separated from
We consider M int = R × 0, (2m)
where (t i , r i , ω i ) ∈ M int for i = 1, 2. Since
is continuous, and K is compact and disjoint from the closed set M int \W , we infer that d Mint (·, M int \W ) must attain its minimum on K, which is moreover strictly positive. It follows that there exists a δ > 0 such that
Moreover, by choosing δ slightly smaller if necessary, we can also assume that
Step
where f, h ∈ SO(d), and denote with B η (id) ⊆ SO(d) the ball of radius η > 0, centred at id, with respect to this metric. Moreover, it is easy to see that
In particular, h can be defined as a rotation purely in the plane span{ω 0 , ω 1 } ⊆ R d .
Continuing the proof of Step 1.4, Lemma 3.4 implies that there exists a µ ∈ (0, −y + 0 ) such that for all (t 0 , r 0 , ω 0 ) ∈ I + γ(−µ), M int , we have
In the following we will show that I + γ(−µ), M int is timelike separated from γ(x 
Thus, by (4.14) there exists an h ∈ B δ (id) ⊆ SO(d) such that h σ ω (0) = γ ω (s 0 ). It now follows that the curveσ :
is past directed timelike withσ(0) = γ(s 0 ) and, using the fact that h ∈ B δ (id) together with (4.13),
It now follows that σ(ŝ) ∈ K δ , which concludes Step 1.4.
We now finish the proof of Step 1. We first show that ι I
The proof is by contradiction. So let σ : [0, 1] → M int be a future directed timelike curve with σ(0) = γ(−µ) and assume that there existss
for all s ∈ [0, s ) . Clearly, we have 0 < s 0 ≤ 1 and from our assumption it follows that (φ
. Since all vectors in C − 5 /6 are past directed timelike, we can find a past directed timelike curve τ : [0, 1] → R ε0,ε1 with τ (0) = (φ • ι • σ)(s 0 ) and τ (1) = x − , which does not intersect
. For example, this curve can be chosen to lie in ∂ x
, see Figure 5 . The first point of Remark 2.5 implies that τ maps inφ
. This, however, is a contradiction to Step 1.4. Hence, we have shown that ι I
, which in particular implies the first point of Step 1. The second point follows from (4.4) together with y − 0 < y + 0 < −µ < 0. This concludes the proof of Step 1.
Step 2: We show that Step 1 implies the following: There exists a constant 0 < C d < ∞ such that for any Cauchy hypersurface Σ of M int the distance in Σ of any two points in
Explicitly, this means that for all p, q ∈ I + γ(−µ), M int ∩ Σ we have 
are future inextendible in M int . Moreover, by the second point of Step 1 they start in
. It now follows from Σ being a Cauchy hypersurface of M int that for each x ∈ (−ε 1 , ε 1 ) d the curve σ x intersect Σ exactly once -say at s = h(x). This defines a function h :
Step 2.1: Step 2.2: We show that there exists a 0 < C slope < ∞ such that |∂ i h(x)| ≤ C slope holds for all x ∈ (−ε 1 , ε 1 ) d and for all i = 1, . . . , d.
Since the tangent space of a Cauchy hypersurface does not contain timelike vectors, we obtain the inequality 0 ≤g ( 
Recall thatg 00 < −1 + δ 0 < 0 and |g µν | ≤ 1 + δ 0 . Hence, we obtain the uniform bound
where 0 < C slope < ∞ is a constant depending on δ 0 (but not on h). Moreover, together withg 00 < 0, the inequality (4.16) implies (∂ i h) − ≤ (∂ i h) ≤ (∂ i h) + and thus |∂ i h| ≤ C slope for all i = 1, . . . , d.
We now define ω : (−ε 1 , ε 1 ) d → R ε0,ε1 by ω(x) = h(x), x . Clearly, ω parametrises a smooth submanifoldS of R ε0,ε1 which, via ι −1 •φ −1 , is isometric to an open subset S of Σ ⊆ M int . The ambient metricg on R ε0,ε1 induces a metric g onS. Note that this metric is not necessarily positive definite. Its components with respect to the chart ω −1 are denoted by g ij , where i, j ∈ {1, . . . , d}.
Step 2.3: We show that there exists a constant 0 < C g < ∞ such that the uniform bound |g ij (x)| ≤ C g holds for all x ∈ (−ε 1 , ε 1 ) d and for all i, j = 1, . . . , d.
We compute It now follows from |g µν | ≤ 1 + δ 0 and Step 2.2 that there exists a constant 0 < C g < ∞ such that |g ij | ≤ C g holds for all i, j = 1, . . . , d.
We can now finish Step 2. Let p, q ∈ I + γ(−µ), M int ∩ Σ be given. By property 1 of Step 1 there exists x, y ∈ (−ε 1 , ε 1 ) d with ω(x) =φ ι(p) and ω(y) =φ ι(q) . We connect the points x and y by a C g .
Step 3: We show that the result of Step 2 is in contradiction with the geometry of (M int , g int ).
Let ω 0 be the projection of γ(− Next, we consider the family of Cauchy hypersurfaces Σ n := {r = 1 n }, where n ∈ N >n0 for some large n 0 ∈ N, together with the family of pairs of points p n := (t 0 − λ, 1 n , ω 0 ) ∈ I + γ(−µ), M int and q n := (t 0 + λ, 1 n , ω 0 ) ∈ I + γ(−µ), M int .
The induced metric g n on Σ n is given by
It is easy to see that the shortest curve connecting p n with q n in Σ n is given by γ n : (−λ, λ) → Σ n , γ n (s) = (t 0 + s,
The length L(γ n ) of γ n is given by
g n γ n (s),γ n (s) ds 
